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1. Introduction. 

One of the celebrated successes of string tlieory is ttie Strominger-Vafa [|l| microscopic 
entropy counting for extremal 5 dimensional asymptotically fiat black-holes (see [|2| for 
review and references.). The same counting technique was successfully extended also 
to some non-extremal black-holes, but the reason for the successful comparison in those 
cases is less clear due to open-string strong coupling effects. A different approach to this 
problem was presented in where it was argued that 4 and 5 dimensional non-extremal 
black-holes can be related by symmetries of string theory to the 3 dimensional non-extremal 
BTZ black hole (for related works see P]). The transformations did not change the horizon 
area so one could hope that, while indirect, this method reduces the counting problem to 
the BTZ case where we have a better control over the microstates (using e.g. AdSs/CFT2 
0]g or Carlip's approach 

However, as was already noticed [||] (see e.g. section 4.2.2 of |T^ for a discussion) this 



line of argumentation suffers from a caveat. It crucially relies on a combination of T-duality 
and a coordinate transformation, referred to as the "shift" transformation, which effectively 
replaced the black- hole with its near horizon [|Tl|] (see also [|12[)- Closer inspection reveals 
that this involves a T-duality along a non-compact isometry. Moreover, the corresponding 
Killing vector was null at spatial infinity. This operation relates different solutions of the 
low energy supergravity but it is not entirely clear if such a transformation is a symmetry 
of string theory. Therefore, one could not argue for an equivalence between the initial 
and final configurations and the matching of the thermodynamic quantities was left as a 
suggestive indication that the two are somehow related. In this note we present a way of 
closing this loophole, so that all the duality transformations are well defined. This forces 
the introduction of a certain limiting procedure which appears different but turns out to 
be equivalent to the near horizon limit used by . This explains the matching of the 



thermodynamic quantities but also shows that the counting is really done for a black-hole 
which is not asymptotically flat. We chose to focus on the 5 dimensional case, but the 
result is easily extendible to other cases. 

The structure of this note is as follows. In section 2 we review the "shift" transforma- 
tion in a simple setting, discuss its shortcomings and show how one can replace it by a 
limit. In section 3 we apply this to the non-extremal Dl — L>5— Wave in type IIB string 



^ This approach is somewhat controversial due to the inclusion of negative norm states in the 
entropy counting and the choice of boundary conditions on the horizon. 
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theory and get the BTZxS^ x background. In section 4 we discuss the nature of the 
hmit and its relation to the near horizon hmit. In section 5 we discuss the reduction to 5 
dimensions. A short summary appears on section 6. 



2. The Shift Transformation 



In this section we quickly review the simplest case of the "Shift" transformation 
for the fundamental string solution. We then argue that a possible way of extending it to 
a symmetry of string backgrounds is via a certain limiting procedure. 

We start with the non-extremal black string solution of type II supergravity in the 
string frame@ 



H{r) f{r) 
5.. = Mtanh« ; e'^^ = ''^^^ 



(2.1) 



where the harmonic function and the function controlling the non extremality are 

if (r) = 1 + ^ sinh^ a ; /(r) = 1 - ^. (2.2) 

This solution has an inner horizons at r = and an outer horizon at r = fi. The 
constant part of the antisymmetric tensor B is fixed so that it vanishes on the outer 



horizon as required by regularity [141. The coordinate x is periodic with period R 



X ~ X + 27rR. (2.3) 

The entropy is 

S= coshct (2.4) 

The idea behind the shift transformation is to go to the near horizon geometry (ef- 
fectively to "drop the 1" from the harmonic function) using a chain of U-duality and 
coordinate transformations (assumed to be symmetry operations) in a way that leaves the 
entropy invariant. 

^ Throughout this note Qs stands for the asymptotic value of the dilaton and Ud for the volume 
of the d dimensional unit sphere. We work in conventions where Gj^°'' = 8it^ gs{a')'^ ■ 
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Starting with a T-duality along x we get 



ds"^ = — /( — ^ sinho; dx)"^ + cosh^ a dx"^ + —dr"^ + r'^dVi^ 

cosno! / 

02 (2-5) 

B = Q ; e-^^ = ^. 

9t 

Now perform the foUowing SL{2, R) change of variables. One uses an 5'L(2, R) trans- 
formation in order not to change the area of the horizon and thus the entropy of the 
solution. 

i= — - — t + e~"'x ; ai = (cosh a)a;. (2-6) 
cosh a 

In terms of the new (tilded) variables the solution takes the form 



ds'^ = -f{di- dxf + dx^ + yrfr^ + r^rfO^ 



(2.7) 



T-dualizing back along x gives: 



ds^ = ^^{-fdP + dx^) + ijdr^ + r^dn'^j) 



[2.1 



1-/ ' 9l ' 

Comparing ( p.8|) with (p.lj ) we see the chain of transformation amounts to replacing 

H{r) 1 — /(r) = ^ namely dropping the 1 in the harmonic function in (|2.2|) and 

rescaling by sinh^ a. Since both T and S duality transformations do not change the 

area of the horizon and since ( |2.6| ) also leaves it invariant one can argue that the above 

duality chain leaves the entropy invariant (isentropic) 0. This technique was extended 

to relate 4 and 5 dimensional black holes with the BTZ black hole where one can then use 

various techniques for microscopic entropy counting (see [|1^ for a review.) 

However, this strategy, while very suggestive, has a loophole. After the coordinate 

transformation ( p.6| ) the orbit of the killing vector dx is non-compacti. Instead ( p.3| ) 

induces the following identification 



^ This is a little confusing because naively x parameterizes a rescaled circle. However, if the 
orbits of dx were compact then, starting from a point, by just going along the orbit of dx keeping t 



fixed we must reach another point, identified with the original under ( ^.3|) . But keeping t fixed we 
move along the non-compact orbit of the coordinate t which never returns to the original point. 
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cosh a ~ ~ „ e ,„ 

x~x + 27r — — A t^t^2'K—— (2.9) 
R R 



Therefore the T-duahty transformation from ( p.7|) to (^3) '^o^ ^ symmetry. More- 
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over, the norm of the kiUing vector is \di\ — Te s-nd so this isometry (while spacehke at 
any finite distance from the singularity) becomes null at spatial infinityi. T-duality with 
respect to isometries that are not everywhere spacelike is currently less well understood. 

The main point of this comment is to suggest a strategy for closing this loophole. We 
can make x compact while retaining a non-singular solution by taking the following limit 

R , a , fifs ^ oo 

R .9s . „. , (2-10) 



In this limit we get 



^ , r , — — = R , — — = ~ fixed. 
cosh a cosh a 



ds^ = -f{dt - dxf + dx^ + jdr'^ + r^rfO^ 
S = ; = ^, 



(2.11) 



which is very similar to ( |2.7| ) but now R ^ R, Qs Qs and most importantly x ~ x + 2nR, 
namely, x parameterizes a circle of radius R. Now we can safely T-dualize back along 
to get 

ds^ = Y^^~f^^ + + ^7^^^ + r^dn^r) 

~f (_ (2.12) 

''~l-f ' ~ 9l ■ 

Comparing with (|2.1|) we see the effect of dropping the 1 from the harmonic function 
as before but now all the duality transformations are symmetries of string theory. Of 
course, there is a price to be paid because we took a limit and so the actual statement of 
duality will apply only to a limiting set of configurations. 

We now notice that one can reach the endpoint ( p.l2|) by directly taking the limit 
( p.lOp in (12?!]). When a ^ 1 we can write Q = sinha ~ coshct — >^ cxd so H{r) ~ (1 — /)0^ 
and asymptotically (|2.1|) becomes 



^ This is similar to the case of T-dualizing with respect to the angular isometry of the plane 
in polar coordinate. 
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(1-/) 

where we rescaled the time coordinate 



^ {-fdP + R^de^) + ]:dr^ + r^dfl^^ 



[2.13) 



f 



t = 



n 



[2.U) 



in a manner resembhng (|2.6|). Note that now the angle 9 always parameterizes a circle. 



The B field and the dilaton also agree in this limit with (2.8). 



The entropy of (|2T2D is 



S 



A, 



^2.15) 



which exactly equals (2]1). At any finite stage during the limit the entropies agree only 



up to terms that vanish exponentially with a due to the subleading term in ( |2.13| ) but the 
limiting configuration ( p.l2| ) has the same entropy as (|2.1| ). 

To summarize, the duality chain connecting ( pTTI) and ( |2.8|) can be corrected to include 
only symmetry operations if one takes a certain limit. We then "forget" about the duality 
chain itself and define a limiting procedure that brings us directly from ( p.l|) to ( |2.8| ). The 
limiting configuration is the near horizon limit of the original configuration up to several 
rescalings of parameters. Both configurations have the same entropy. The specific example 
discussed above was used to explain our procedure but in itself suffers from some problems. 
For instance one needs to change to a weakly coupled description after the limit. We will 
not discuss this system any further in this note but rather apply the lesson in the D1-D5 
system. 



3. The D1-D5 system and 5 dimensional Black Holes 

We now extend the discussion of the last section to the analysis of connecting 5 
dimensional black holes with the BTZ black hole. Start from the non-extremal Dl — D5 
system where the world- volume of the Dl brane is wrapped on a circle of radius R and 
carries some units of momentum along this circle. The remaining 4 directions in the D5 
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world- volume are compactified on a torus with Radii Ri, R2, R3, Ra,- We write the solution 
in the string frameB 



a da = — ( r^dt +K(r)(Rd6-\ — — sinhctfc coshctfcdt) 

^Hi{r)H^{r) \ K{r) K{r) 



- a' H,{ry ''''''''' ' ~ 9lH,{r) 

(6) _ V R f{r) 
a' H^{r) 



Weil... ^4 = — — TTT-rtanhas- 



where 



^2 ^2 
Hi/5{r) = 1 + ^ sinh^ ai/5 ; K(r) = 1 + — sinh^ 

, , y R1R2R3R4 
f{r) = 1 - — ; t; = -— ^ = — ^ 



and the rest of the IIB supergravity fields vanish. 
This configuration has 3 conserved charges 



2 

Ml = 7 sinhai coshai, 

9 s a' 



(3.1) 



(3.2) 



^2 

A/5 = 7 sinhas coshas, (3-3) 

9 s a' 

Mk = n, ,,9 smhoffccoshafc, 
and the ADM mass, entropy and temperature are given by 

RvLi^ 

— — t7 — rTT(cosh2Q;i + cosh2ct5 + cosh2Q!fc), 
29i{a'Y 

S = ^77 — cosh ai cosh cosh a^, (3-4) 
9t{(^'V 



2ttij, cosh ai cosh 05 cosh ak 
This configuration can be seen as a thermal excitation of the supersymmetric D1 — D5 
configuration and therefore satisfies a BPS condition 



^ We denote throughout the dimensionless metric by da and the dimensionful metric by ds. 



6 



-M>^ + A(-^i + ^M.) (3.5) 

satisfied here thanks to the property cosh a > sinh a (equahty holding only for the asymp- 
totic value a = oo). 

In a duality chain (including T-duality along non compact orbits) was used to 
relate this solution to the BTZ black- hole []T3|. As in the previous section, we can close 
the loophole in the dualities for the price of taking a limit which in turn we can think of 
as an independent and equivalent way of performing the dualities. The limit in this case 
is deduced in a similar way to (|2.10| ) : 



f^i 5 = coshcKi 5 ~ sinhcKi 5 — > oo 

a' ,R , i?i,2,3,4 oo 
keeping the following quantities fixed 



(3.6) 



R = T^r-^ : Ri = -pr : 9s = 9sTT- (3.7) 



As in (|2.14|) we have to rescale the time coordinate 



i=—^^E = nin5E. (3.8) 

1 ill 65 

As opposed to ( p.lO|) we do not need to send Qs ^ 00 since the dilaton in (|3.1| ) involves 
a ratio of the harmonic functions but we do need to send a' ^ 00 due to an overall 
factor in front of the metric. The common feature in both cases is a rescaling of the Planck 
mass. Note also that even though — > 00 this is a low energy limiti because from ( |3.8| ) 
we see that — ~ ^ 0. 

Taking the limit while keeping all tilded quantities finite we get the following solution 

a da"^ = I ——dt^ + K{Rd6 H -— sinha/j coshakdt)^ 

1 - f \ K K 

+ Rldi^l + ... + Rld^l + (1 - f){-^dr'^ + r^d^l) 
9sa'l-f ' 



(3.9) 



^(6) _ V R f 



^ This is like in M(atrix) theory where q' — > 00 before scahng the Planck mass due to the 
vanishing spacelike circle ||T6|]. 
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Writing the r dependence explicitly in the Einstein frame we get 



f^~iA 2 aJ2 , , ■ .2 ^ f B^n . ^ sinhafccoshofc ~ 

^ygsa daE = -2 7^ dt + + smh ak) RdO + — . . n -dt 

1 + ^ smh^ ak ^ V (r^ + iJ^^ sinh^ a/,) / 

+ ^ dr^ + ^u^dO^ + • • • + Rldi^l, 

r n 

(3.10) 

the t, ^, r part of the solution is identified with the general non-extremal BTZ black-hole 
solution of 3d gravity with negative cosmological constant A = — fl^ 



ds^^, = dr +p {d^ +^dr) + (,2_^2^)(^2_^2_) ^P (3-11) 

where we identified the Planck scales and used the following dictionary 



Ibtz = 1^ ; rBTZ = t^ ■ = ^(r^ + ^2sinh^afc) 

Jri P [o.lZ) 

= i?cosh ttfc ; p_ = i^sinhctfc 
The fuU solution O^jg) is thus BTZx^^ ^ t^. 

4. The limit 

The charges and the ther mo dynamical quantities associated with ( |3.1U[ ) (|0|) can be 
inferred from the BTZ factor to bei 



_ fJ- P+ + P- _ IJ' i?^(cosh^afc -Hsinh^afc)(27r)^t;(27r2)^3 ^ j^^^2 
~ 2p+p_ R^vii'' . 

~ 27:RviJ^ , 
S = , coshttfc 

.2 ^2 



^ 2iTpj^P 27r(Ucoshafc 



(4.1) 



^ Note that dimensionful quant^+^'^= ^■^^ ^'^ T-ocr-oioH K^r T-,r^,,rovc r^f ii 
E= ^Ebtz induced from ( p^ . 



Note that dimensionful quantities had to be rescaled by powers of 4 due to the transformation 
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The entropy and temperature in (^T^) are exactly the hmiting values of those in ( p.4|) B. 
The charges in ( |3.3D are also finite in the limit with Mk approaching the BTZ angular 
momentum charge J . Only the ratio of the two remaining charges encodes independent 
information about ( |3.9|) , namely, the dimensionless volume0 of the T^. 

In summary 

9sO:' gsa' A/5 (4.2) 

Xk^J;S^S;T^f. 

The mass, however, diverges after we rescale the energy. This is not a problem since 
also the BPS "zero point" energy corresponding to the supersymmetric solution ( |3.5| ) 
diverges in exactly the same way. The physical information resides in the fiuctuations 
above the BPS mass which when appropriately rescaled as dictated by (|3.6|) (p77| )(|3.8| ) 
remam finitell 

QinJM-^iMi + vM^)) — >M>^. (4.3) 
V 9sOi' J R 

The last inequality is the BPS condition for BTZ black-holes which follows in the limit 
from (|3.5|). 

Actually, although it appears different, this limit gives exactly the same result as the 
"Near Inner Horizon Limit" (NIHL) for non-extremal branes defined in . This limit 
drops the 1 from Hi , by sending a' keeping fixed 

U= ^ ; Uo = -^ ; R; v; g,, (4.4) 
a a 

which in turn keep the charges Afi ; Af5 ; Afk ; S ; r fixed0. This is not surprising 
because, after all, the motivation behind the shift transformation was to replace (using 
dualities) the black-hole with its near horizon. It appears that to do this consistently one 
has to take the near horizon limit. 



Note that one has to rescale units of energy as in ( |3.8| ). 

This dimensionless volume v is related to that of the original in ( |3.1| ) through the ratio 
= which is an arbitrary constant in the limit. 

Again this is like the situation in M(atrix) theory where the mass of the DO brane diverges 



but the light-cone Hamiltonian is scaled to remain finite |16[| (see e.g. discussion in |17]). 



Notice that this "NIHL" necessarily involves the "dilute gas condition" 01,05 00. 
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5. Reducing to 5 dimensions 

When we reduce the asymptotically flat ( |3.1|) on 6*, i/'i, . . . , ■i/'4 we get a 5 dimensional 
non-extremal black hole. The metric is given in the Einstein frame by 



dsl = X-^-fdt^) + X^{jdr^ + r^dnl) 

2 2 (5-1) 

A(r) = ifiifsiiT = (1 + -2 sinh Q!i)(1 + sinh q;5)(1 + sinh 0;^). 

Notice that the 5 dimensional Schwarzschield solution is also a member of this family with 
all charges equal to zero. The entropy of this solution is exactly equal to that of ( |3.1|) , 
namely the one in ( p.4| ). 



Taking the limit (pr6|)( |3.7| )(|3T^) in ( |57l| ) or alternatively reducing ( p^ ) on 9,ijji, . . . ,1^. 



we get another 5 dimensional black hole with metric 

.1 
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dsl = X~H-fdP) + ~xHkdr^ + r^d^l) 



(5.2) 



whose entropy is equal to that of (|3.9|) in 

The condition for validity of the dimensional reduction are that one focuses on exci- 
tations that are well below the threshold for KK and winding modes. Since in the limit 
(P^)( |3.7D (|3.(j|) we keep the tilded quantities fixed and send fii^s 00 the only non-trivial 
condition is to have in the original Dl — D5 system RE <^ 10. 



6. Summary and Discussion 

The main point in was to use the shift transformation to relate ( p.9| ) with ( |5.1|) . 
The thermodynamical quantities seemed to agree but since this transformation is not a 
symmetry one could not claim an equivalence. The path we have chosen here suggests 
instead to relate ( |3.9[ ) and the limit of ( |5.1[ ), namely ( p.2| ). Focusing on the low energy 
excitations of the non-extremal Dl — D5 system ( p.l| ) satisfying RE <^ 1 one can take 
a limit which gives the general non-extremal BTZxS^ x background ( |3.9|) and which 
at the same time is well approximated by the dimensional reduction to the non-extremal 



14 



This regime seems related to the one studied in [18||19|. 
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(albeit not most general) 5 dimensional black hole ( |5.2| ). Unfortunately, although (5.2) 
is a limiting configuration in the family ( ^.11) of asymptotically fiat black-holes, it is not 
asymptotically flat itself, but rather asymptotes to a space that is conformal to AdS2 x . 
This is a reflection of the fact that (|3.9|) is the NHL of (|3.1| ) and as such is not asymptotically 
flat but rather asymptotically AdS^. The relation between ( |3.9|) and (|5.2D is not a duality 
but dimensional reduction along the angular isometry de, just like is a dimensional 
reduction of 

Nevertheless since the entropy of the configuration is equal to that of ( p.2| ) which 
is the result of the limit and since our limiting procedure itself is essentially a near-horizon 
limit it is plausible to argue that the entropy counting done in (|5.2|) or ( |3.9| ) using entropy 
counting techniques for the BTZ black hole is closely related to the counting of degrees of 
freedom in the original asymptotically fiat configuration. 
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